Abstract. We express the order of the pole and the leading coefficient of the Lfunction of a (large class of) ℓ-adic coefficients (ℓ any prime) over a quasi-projective variety over a finite field of characteristic p. This is a generalization of the result of [MR] with coefficients. The new key ingredient is the use of F -gauges and their equivalence in the derived category with Raynaud modules proved by Ekedahl.
Introduction
Let V be a variety of dimension n over a finite field k = F q , q = p a , with p a prime and a ∈ Z >0 . We assume that V is equipped with an embedding j : V ֒→ V ′ into a proper variety V ′ /F q . Let E be an overconvergent F -isocrystal over V pure, satisfying some integrality condition and with finite cohomological dimension (see Section 3.2 for the precise conditions). We give an expression of the order of the pole and of the leading coefficient of the L-function of this coefficients at any integer under some classical semisimplicity conjecture. This is a generalization of the work of Milne-Ramachandran who treat the case of the trivial coefficient and is usually called the Tamagawa Number formula in the number field case. We also give the analogous formula for the l adic companion of such coefficient in the sense of Deligne (see [AE] ). The proof is based on the celebrated work of Milne-Ramachandran with as new ingredient, the use of F -gauges and their equivalence in the derived category with the Raynaud-modules as proved by Ekedhal ( [Ek] ). The plan of the paper is as follows: Section 3 is devoted to the setting. In section 4, we show how to associate to a F log crystal over a proper log smooth base a structure of coherent complex of R modules in the derived category. Section 5 is a recall of the paper of MilneRamachandran ( [MR] ) whose main result is to express the order of the pole and of the leading coefficient of the Zeta function of a coherent complex of R-modules. Finally, in the final section we apply the main result of Milne -Ramachandran to the structure of coherent R-complex constructed in section 4 via the use of proper hypercovering and proper descent of the rigid cohomology of our nice overconvergent F -isocrystal (see Cor. 6.1.3 for our main result). We also give the analogous formula for the l-adic companion of our coefficient, when it exists (Th. 6.2).
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3. Setting 3.1. The variety. Let V be a variety of dimension n over a finite field k = F q , q = p a , with p a prime and a ∈ Z >0 . We assume that V is equipped with an embedding j : V ֒→ V ′ into a proper variety V ′ /F q . We denote i : Z := V ′ \ V ֒→ V ′ . By [Nakk12] , there is a simplicial proper hypercovering (j . :
/F q is a proper smooth scheme and V . /F q is the complement of a simplicial strict divisor with normal crossings Z . on V ′ . , such that Z . → Z is a proper hypercovering of Z. We denote V ′♯ the log scheme whose log-structure is the one induced by Z . . V ′♯ is a proper log-smooth variety over F q endowed with the trivial log-structure.
3.2. The coefficient. Let W denote the Witt vectors of F q and K its fraction field. We denotek an algebraic closure of k,W = W (k) andK its fraction field. For any log-scheme X ♯ /F q , We denote F − Cryst(X ♯ /W ) the category of finite locally free non-degenerated F -crystals over X ♯ /W for theétale topology (see for example [HK] ) and F − iso(X ♯ /K) the category of F -isocrystal over X ♯ /K (see for example [Sh] ). We denote F E the σ-linear endomorphism of E F E := F • τ , where τ : E → σ * X ♯ E is the map sending x to x ⊗ 1. For a general variety X/F q , we denote F − iso † (X/K) the category of overconvergent F -isocrystal over X (see for example [LS] ). Let E ∈ F − iso † (V /K). Then by the semistable theorem of Kedlaya ([Ke] ), we can choose a finite genericallyétale hypercovering f V. : V . → V as in the previous paragraph and a family (E log . ) of objects of
is the one constructed in [LST] . We will need the following assumptions:
We will say that the data (E, V., E log . ) is (NICE) if it satisfies the following conditions:
(1) The family of log F -isocrystals (E log . ) is integral in the sense that they come from objects of F − Cryst(V ′ ♯ . /W ) (Recall that we have a canonical functor from the category of crystals to isocrystals).
Remark 3.2.1. The second hypothesis is satisfied for example in the following cases:
(1) The variety V is smooth, in which case N(E) = 2n.
(2) The overconvergent F -isocrystal E has constant Frobenius slope. In this situation, it is possible to define on the de Rham-Witt cohomology of E log a slope filtration and the argument of [Nakk12] , 11..7.5 will work with coefficient.
where E v is the fiber of E at the closed point v of V , an F -isocrystal on k(v)/K. It was proved in [ELS] that this infinite Euler product is a rational function in K(t) that can be expressed as follows:
). We will need the following second assumption on the coefficient. We denote ι the choice of an embedding Q p ∈ C. (ι-PURE) For any v, the eigenvalues α of the Frobenius acting on E v are Weil numbers , i.e. such that |ι(α)| = q w/2 for some integer w independent of v. Under this hypothesis, we recall that it was proved in that the Fisocrystals over F q H i rig,c (V /K, E) are ι-mixed, in particular the eigenvalues of F a are Weil numbers.
F -gauge complex of a F -log crystal
In the next two subsections, we recall the construction of [Ek] , p.36-37. 4.1. From F -log crystals to virtual crystals. Let X/F q be a proper smooth variety, Z a divisor with normal crossing with respect to X. We denote X # /F q the associated proper smooth log-variety. Let E be a F -crystal on X # /F q .
Definition 4.1.1. A virtual F -crystal (resp. of finite type) is a triple (U, F, N) where U is a finite dimensional K-vector space, F a σ-linear automorphism of U and N a (resp. finitely generated) W -submodule of U such that N ⊗ K = U. 
By definition, H i (F ) is clearly a σ-linear bijective map. By [ELS] , Prop. 2.1, the map
This map is the composition of σ-linear maps induced by the adjonction map of the absolute Frobenius on X # :
We claim that the first one, H i (τ ) is also bijective. Indeed, since the composed is injective, this map (as well as all the following maps) is also injective. The surjectivity of the composed map and the injectivity of the map U(σ
4.2.
From virtual crystal to F -gauges.
is the data of a graded W -module M = ⊗ i∈Z M i endowed with linear mappings of respective degree 1 and -1F andṼ and a σ-linear isomorphism
Ekedahl defines in [Ek] , p.37 a functor Hodge(.) from the category of virtual crystals to the category of F -gauges as follows: Let (U, F, N) be a virtual crystal. Then, setting
Set M := ⊗ i∈Z M i ,F the multiplication by p,Ṽ the inclusion and τ , the map deduced by the property (iii). Then Hodge(U, F,
We denote FG(E, i), the F -gauge Hodge(VC(E, i)) and FG(E) the complex of F -gauges whose degree i-term is FG(E, i) and derivation is the zero map.
4.3. Coherent object in the derived category of F -gauges.
First note that FG(E) can be seen as a bounded complex of F -gauges concentrated in degree 0 to 2dim(X) and in particular as an object of
i is a finitely generated W -module for any 0 ≤ j ≤ 2dim(X) and 0 ≤ i ≤ N, which is obvious since FG (E, j) i is a sub W -module of the finitely generated W -module
4.4. Coherent object in the derived category of Raynaud modules associated to a F -log crystal.
Definition 4.4.1. We denote R the W -graded algebra R 0 ⊕ R 1 generated by F and V in degree 0 and by d in degree 1, subject to the relation:
We can see a graded R-module M as a complex
i is a R 0 -module endowed with a differential d such that F dV = pd. We define the n−th degree shift M{n} of M as the graded R-module whose i − th degree is M n+i and derivation is (−1)
(1) We say that a R-module is elementary of Type I if it is a R 0 -module, finitely generated over W such that V is topologically nilpotent. Such module can be written as the direct sum of a free W -module of finite rank with an action of F such that the slopes are in [0, 1[ and of a torsion part which is of finite length as W -module. The torsion part is an iterated extension of the module (k, F, V = 0) or (k, F = σ, 0). The main theorem of [Ek] is the following result. 
We denote S the inverse functor. Coming back to the hypothesis of section 4.1, let E be a (finite locally free) F -crystal on a proper log-smooth variety X # /F q and denote R(E) the object of D b c (R):
4.5.1. Translation. We can see a graded R-module M as a complex
such that for any i, M i is a R 0 -module endowed with a differential d such that F dV = d. We define the n−th translated M{n} as the graded R-module whose i − th degree is M n+i and derivation is (−1)
where M .,j is a graded R-module and M i,. is a complex of R 0 -module. For an integer r and M a complex of graded R-modules, we denote M(r) the complex of graded R-modules whose associated bicomplex has entries M(r) i,j := M i+r,j−r and with the appropriate sign changes on the differentials. 4.5.3. Simple complex. Let M be a complex of graded R-module, we can associate to M a simple complex of W -modules sM such that
This construction extends to give a functor
If we restrict this functor to the category D b c (R), then sM is then a perfect complex of W -modules. 4.5.4. Slope spectral sequence. Let M be a complex of graded R-module, then H j (M) is a graded R-module with i-th degree:
We have a spectral sequence
called the slope spectral sequence (10)) Let M be a complex of graded R-module with only non-negative degrees and let F ′ acts on M i,j as p i F . Using the relation F dv = pd for the horizontal differential and the compatibility with F for the vertical one, one can check that both differentials of M i,j commutes with F ′ and we have an isomorphism of F -isocrystals over k:
Then the slope spectral sequence of M is the ∞-part of the spectral sequence of F -gauges
In particular, for any integer k, we have
Corollary 4.5.3. let E be a (finite locally free) F -crystal on a proper log-smooth variety X # /F q . We have an isomorphism
compatible with the Frobenius operator.
Proof. By the previous lemma, we have
by Th. 4.2. Now since the derivation is zero on FG(E), we have H i (FG(E)) = Hodge(VC(E, i)) and its ∞ part is isomorphic, via the morphism τ given by its structure of F -gauge, to its −∞ part, which is H i crys (X # /W, E).
4.5.5. Internal Homs and tensor products. One can construct ( [I] , 2.6.1.10) a tensor product bifunctor .
We can also construct (see [I] ,2.6.2) an internal Hom bifunctor:
For the convenience of the reader, we give a summary of the section 4 of [MR] . We refer the reader to loc. sic for the proofs.
Let S denote the category of sheaves of commutative groups on theétale site of perfect schemes over Spec(k), and G denote the abelian subcategory of commutative perfect algebraic group schemes killed by a power of p. We will denote S . (resp. G . ) the category of projective system (P m ) m of Z/p m -modules in S (resp. in G). We have a functor .
We can sheafify the construction as follows: if M is a graded R -module, we denote M i m the sheaf in S:
) has a structure of R . -module object of S . . We set M We also have a derived functor
(2) For any integer r and for any j we have a short exact sequence:
where U j is a connected unipotent perfect algebraic and D j a profiniteétale group.
is a finitely generated Z p -module and we have
In particular, we conclude from the second assertion of the previous theorem:
, the derived category of complex of sheaves in S . whose cohomology lies in G . .
Applying this corollary to
, we obtain a functor:
. We deduce from the first assertion of Theorem 4.4 applied to RHom(M, N) and from the equality of Lemma 4.5.4:
The main Theorem of Milne-Ramachandran
Again, for the comfort of the reader, we state the main result of Milne and Ramachandran and sketch their proof.
Let Γ := Gal(k/k), topologically generated by the Frobenius element γ : x → x q . We have a natural exact functor
moreoverM is endowed with an action of Γ. For a Γ-module M, we denote
We have a Horschild-Serre spectral sequence:
We deduce the following composed map:
where the first map comes from the map E j → E 0,j of the previous spectral sequence, the second map is the canonical inclusion, the third map is the canonical projection and the last map corresponds to the map E 1,j → E j+1 . The same formalism as in [MR] 
P is a bounded complex of graded k-vector spaces whose cohomology groups have finite dimensions. We denote
called the Hodge numbers of P . Note also that for any j, H j (sP ) ⊗ K is an F -isocrystal. We denote
Theorem 5.1. ( [MR] , Th. 0.1) Let r be an integer and assume that q r is not a multiple root of the minimum polynomial of F a acting on H j (sP ) ⊗ K for any j.
(1) The groups Ext j (M, N(r)) are finitely generated Z p -modules and the alternating sum of their rank is zero.
(2) The Zeta function Z(P, t) of P has a pole at t = q −r of order
(3) The cohomology groups of the complex E(M, N(r)) are finite and the alternating product of their orders χ(M, N(r)) satisfies
where
and the p-adic valuation |.| p has been normalized so that |p r m n | −1 p = p r if m an n are prime to p.
5.2.
Sketch of proof of the Th. 5.1. We will need some notation: For a group homomorphism f with finite kernel and cokernel, we denote z(f ) :=
. If (V, F ) is an F -isocrystal on F q , then we will denote
Note that the eigenvalues of γ acting on V (λ) are the { q λ α } α , where the α's run over the eigenvalues of F a on V satisfying ord q (α) = λ. Let r be an integer, M, N ∈ D b c (R) and let P := RHom(M, N). We denote (a jl ) l the eigenvalues of F a acting on H j (sP ) ⊗ K. Recall that according to a theorem of Manin, (ord q (a jl )) l is the family of slopes of H j (sP ) ⊗ K. We will also need the following lemma of [MR] :
Lemma 5.2.1. ( [MR] , Lemma 5.1) Let M be a finitely generated Z p -module with an action of Γ and let f : M Γ → M Γ be the map induced by the identity map. Then z(f ) is defined if and only if 1 is not a multiple root of the minimal polynomial of γ on M, in which case M Γ has rank equal to the multiplicity of 1 as an eigenvalue of γ acting on M Qp and
) (a perfect algebraic group over Spec(k) et ). We denote U j its unipotent part and D j its pro-étale part. Then,
is defined if and only if q r is not a multiple root of the minimal polynomial of F a acting on H j (sP ) ⊗ K, in which case, N (r) ) by Theorem 4.5. On the other hand, applying the Theorem 4.4, with M = P (r), we deduce that D j (F q ) is a finitely generated Z p -module and that
Since the slope spectral sequence degenerates at E 2 after killing the torsion, we can rewrite the right hand side of the previous isomorphism as
by Corollary 4.5.1. Finally, we have,
In particular, the eigenvalues of γ acting on D j (k)⊗Q p are the
, with ord q (a jl ) = r.
Looking at the action of 1 − γ on each groups U j (k), G j (k) and D j (k), we deduce by diagram chase, the following commutative diagram of short exact sequences 
Now, we just use that z(f j ) = z(f ′ j )z(f " j ) to conclude. The proof of Th. 5.1 is now reduced to the following:
, r an integer and denote as usual P = RHom(M, N(r)) and for any j denote U j , the unipotent part of H j (P(r)
). Assume that q r is not a multiple root of the minimum polynomial of F a acting on H j (sP ) ⊗ K for any j.
with λ jl the slopes of H j (sP ⊗ K).
Proof. The first two assertions are proved in [MR] , p.25. We have
and we can show exactly as in [MR] that
Note also that
where ρ j is the multiplicity of q r as an inverse root of P j (t) and is equal to rankExt j (M ,N(r)) Γ (or thanks to our hypothesis on r to rankExt j (M ,N(r)) Γ ) and that by Manin's Theorem:
The result follows immediately by Proposition 5.2.2.
Application to special values of geometric L-function
We come back to the setting of the first chapter: Let (V . , V ′ . ) be the proper hypercovering of (V, V ′ ).
Definition 6.0.1. Let K be a finite extension of Q and let S be a set of pairs (ℓ, ι) of a prime number ℓ and an embedding ι : K → Q ℓ . A strict compatible (K, S)-family of ℓ-adic sheaves (ℓ any prime) corresponds to the data E = (E ℓ,ι ) (ℓ,ι)∈S of smooth
which is independent of (ℓ, ι) ∈ S. We will call a strict compatible system nice if the l-adic sheaves are ι-pure and coming from Z l -smooth sheaves, and E p is nice in the previous sense.
We give an example of existence of strict compatible system of ℓ-adic sheaves.
Theorem 6.1. Assume that V is smooth and geometrically connected over F q . Let E p be an irreducible overconvergent F -isocrystal over V with finite determinant. Then E p is the p-adic coefficient of a strict compatible system. In particular,
for some finite extension Ω/Q. Proof. By [AE] , Theorem 4.2, we can associate for any prime ℓ, an ℓ-adic sheaf with same L-function. The fact that this L-function lies in Ω(t) for some finite extension Ω of Q has been proved by Deligne (see [E-K] ).
Until the end, we assume given a strict compatible system E which is nice (in the sense of Section 3.2) and whose ℓ-adic sheaves (any ℓ) are ι ℓ -pure. we will consider an integer r such that q r is not a multiple root of the minimum polynomial of ϕ a p acting on H j rig,c (V, E p ) for any j nor of the minimum polynomial of ϕ ℓ acting on H j et,c (V , E ℓ ). Note that by our hypothesis we have
for any prime ℓ. We denote this function L(V, E, t).
6.1. The p-adic valuation of the leading coefficient. Let (E log . ) some locally free finite rank objects of F − Cryst((V ′ . )
♯ /W ) associated to the nice E p . We will denote all this data E p .
For any j, we consider R(E 
, where τ ≤ * is the * -th truncation functor in the derived category. Lemma 6.1.1. For d large enough, we have
for d large enough. Indeed, observe that both sides coincide with RΓ rig (V, E p ). For the left-hand side, this is a consequence of the proper descent of rigid cohomology with coefficients (observe that the rigid cohomology of E p over V vanishes for i greater than N(E)) and the comparison between rigid and log-crystalline cohomology ( [Tr] , Prop. 1.5). For the right-hand side, note that by the second hypothesis of nice, a finite number of V i 's suffices to describe the rigid cohomology of E p .
We set
We have M c (E p , d) ∈ D b c (R) and we can show exactly as in [MR] , Lem. 6.11 Lemma 6.1.2. For d large enough, we have
rig,c (V, E p ). Let r be an integer and d large enough. We set
χ(E p , r) := χ(W, M c (E p , d)(r)), if it is well-defined.
Finally we setχ(E p , r) :=χ(P, r), with P = RHom(W, M c (E p , d)). We deduce from the previous lemma and from Th. 5.1:
Corollary 6.1.3. Let E p be as before. Assume that q r is not a multiple root of the minimum polynomial of F a acting on H j rig,c (V, E p ) for any j. (1) The groups H i abs (V, E p (r)) are finitely generated Z p -modules and the alternating sum of their rank is zero. We come back to our strict (and nice) compatible system E. We set (1) N(E l ) := RΓ et,c (V × kk , E l ).
(2) P = RHom(Z ℓ , N(E l )). 
